The two-dimensional model for the current distribution on a rotating disk below the mass-transfer-limited current developed by Newman is extended here to account for the influence of a finite Schmidt number and to provide the charge distribution in the diffuse part of the double layer. A polynomial expansion in terms of Sc' is developed for the dimensionless concentration derivative at the electrode surface. The charge distribution is estimated under the assumption that specific adsorption can be neglected. This approach requires introduction of only one additional parameter corresponding to the distance between the metal surface and the plane of closest approach f or solvated ions. Zero-frequency asymptotes for the local impedance values, determined from the steady-state calculations, are used to establish the need for a two-dimensional model for the impedance response of a disk electrode.
Introduction
The rotating disk electrode is an effective tool for the identification of mechanisms and associated rate constants for electrode reactions, for studying homogeneous reactions accompanied by electrode processes, and for the measurement of diffusion coefficients of dissolved species because the fluid flow is well defined and the uniform axial velocity yields a uniform mass-transfer-limited current density. The popularity of the rotating disk for experimental electrochemistry has motivated development of mathematical models which describe the physics of the system. The Levich equation for mass-transfer-limited current1
was obtained under the assumption that the Schmidt number is infinitely large. Newman2 provided a correction to the Levich equation which accounted for a finite value of the Schmidt number. Newman's correction amounted to a 3% reduction in the value of the mass-transfer-limited current obtained f or a Schmidt number of 1000, typical of electrolytic systems. In subsequent work, he relaxed the assumption of a mass-transfer-limited condition by coupling convective diffusion in radial and axial directions in an inner diffusion-layer region with Laplace's equation for potential in an outer domain.3 The cathodic Tafel limit of a Butler-Volmer expression was used to account for metal deposition kinetics. Appel extended this model to account for redox reactions as, in principle, Newman's model was developed for deposition reactions. 4 The focus in later years was on frequency domain techniques. A significant effort has been expended on developing analytic formulae for the impedance response of a rotating disk electrode.5-'6 A comparative study of the application of these models to interpretation of impedance spectra has been presented by Orazem et al. 17 A one-dimensional numerical model for the impedance response of a rotating disk electrode which accounted for the influence of a finite Schmidt number was presented by Tribollet and Newman.'8 The first two terms in the Cochran expansion19 for the axial component of fluid velocity were included in the convective diffusion equation. Tribollet et al.15 reported that the errors caused by neglecting the second term in the axial velocity expansion could be as high as 24% for a Schmidt number of 1000. This result was confirmed by regression of various mass-transfer models to impedance data.'7 Mathematical models have been developed which account for frequency dispersion associated with the nonuniform potential distribution on the disk electrode,202' but, to date, no comparable model has been developed for the influence of nonuniform mass transfer on the impedance response. Appel and * Electrochemical Society Student Member. * * Electroebemical Society Active Member.
Newman24 provided a preliminary mathematical development that they proposed would be used to develop a model for the influence of radially dependent convective diffusion on the impedance response under the assumption that the Schmidt number is infinitely large. Later Appel provided a model to calculate the radial distribution of impedance under the assumption that the Schmidt number is infinitely large. 4 In this work he used a total overpotential without accounting separately for the surface, concentration, and zeta overpotentials.
Though the errors resulting from neglecting the finite Schmidt number correction are not so significant for steady-state calculations, they have been shown to be significant in the frequency domain."7 The objective of the present work is to develop a steady-state treatment of current and potential distributions on a rotating disk electrode that accounts for a finite Schmidt number and for the distribution of charge in the diffuse part of the double layer. This work provides a foundation for the subsequent development of a mathematical model that would account for the influence of nonuniform mass transfer on the impedance response of a rotating disk electrode. 25 The present work also provides a means of interpreting anomalous values of Schmidt numbers obtained from impedance data collected f or the reduction of ferricyanide on a Pt disk electrode in terms of the competing roles of surface poisoning and the influence of nonuniform current distribution.7'26 '27 Theoretical Development The domain of interest was divided into an outer region where electroneutrality was assumed to apply and the concentration was assumed to be uniform, an inner boundarylayer region where electroneutrality and the convective diffusion equation for the reacting species were assumed to apply, and an inner diffuse part of the double layer where the assumption of electroneutrality was relaxed. The entire electrode surface was assumed to be active; thus, local passivation and partial blocking phenomena were not included in the model. Diffusion layer.-The development in this part follows that presented by Newman3 with the exception that a correction is made for a finite Schmidt number by incorporating three-term expansions appropriate near the electrode surface for axial and radial velocity. A critical assumption in the development of this work was that the current densities at the inner limit of the diffusion layer and at the inner limit of the outer region are equal to the current density at the electrode surface. This assumption is valid if the diffusion layer is thin compared to the electrode radius. The validity of this assumption is implicit for
For a finite Schmidt number, the diffusion layer is still small as compared to typical disk dimensions. The thickness of the boundary layer S is given by
The boundary-layer thickness for the copper deposition system considered by Newman3 is determined by the diffusivity of the cupric ion (DC2÷ = 0.642 >< i0 cm/s) and by the kinematic viscosity (is = 0.94452 X 1O cm3/s). For a rotation rate of 300 rpm, S has a value of 13.76 ism, which is small as compared to the disk radius of 0.25 cm, yielding an aspect ratio Sir0 = 0.0055. The corresponding value for the ferricyanide system treated in a later section of this paper is 0. 
respectively. Application of Eq. 3, 4, 6, and 7 in Eq. 2 yields
By equating the coefficients of (r/r5)2m Eq. 8 can be rewritten as i -DR acR nF 1 tR 3z 20 [1] where
The primes in the superscripts refer to derivatives with respect to . Equation 9 can be compared to U'4, + 32Ø, -6m0rn = 0 [10] obtained by Newman for the case of infinite Schmidt number. The boundary conditions for Eq. 9 are °rn = 1 at g = 0,
and 0,, = 0 at = . Forthe numerical calculation presented here, a value of = 20 was used for approximation of the boundary condition at oo• The choice of this value is justified as a value of = 10 resulted in the same values of °rn to within 15 significant digits and the derivative of °rn with respect to t at = 20 yielded a value identically equal to 0.
Equation 9 exhibits a functional dependence on the Schmidt number. The numerical procedure that was used to solve the convective diffusion equation is presented in a subsequent section.
[2]
The current distribution on the electrode surface at steady state depends only on the dimensionless concentration gradient at the electrode surface 0j.0) and not on the °rn values at the other axial positions, i.e.
[3] = ( )"2F1m Arn(rInSrn0(0) [11] where tR is the transference number of the reacting species.
[41
The interfacial overpotential resulting from convective diffusion is the concentration overpotential given by
Outer region: Laplace's equation-The approach taken followed that developed by Newman.3 In the outer region, concentrations were assumed to be uniform, and, under the assumption that there is no charge distribution within the bulk of the solution, the potential in this region satisfies Laplace's equation. Hence [61 = 0 [13] where 4 is the potential referenced to infinity. The solution of Eq. 13 after transformation to rotational elliptic nates (ti, p.) where z = r5p.r1 and r = r5
-2) and 171 after applying appropriate boundary conditions is = B,P2,(1) [14] on the electrode surface (p. = 0), where 2 = -z÷zj(z÷ -z) for single salt and 2 = -n with supporting electrolyte. The current density obtained from the derivative of the potential just outside the diffusion layer is assumed to be equal to that obtained from Eq. 11; thus a relationship between coefficients B, and A,, is found as B, = .INE {Q,,rn4rn} [15] where Qn,rn = (4n + 1) 40(0) f1 i(1 -i2)"P2,(i)dn [16] rM3,(0) 0 [5] and 1942 J Electrochem. Soc., Vol. 145, No. 6, June 1998 The Electrochemicat Society, Inc.
[17] [23] is sum of the ohmic potential drop, concentration overpotential, surface overpotential, and zeta potential. The [181 Butler-Volmer expression for the normal current density as a function of surface overpotential and concentration was modified to account for the potential and concentration of reacting species at the plane of closest approach; thus r IciZF
IIIZF 11
-exPl__11j [24] where r is the charge number of the reacting species. In principle such an expression for the reaction kinetics is valid only in case of deposition reactions. However Appel showed that this expression can still be used for redox reactions when the current is a significant fraction of the mass-transfer limiting current.4
1191
Within this approach, 92, c,,,, c1,441, , and are functions of radial position. Assumption that the interface taken as a whole is electrically neutral yields q2+q=O or q,,,=-q2 [25] where q,,, is the charge density associated with the concentration of electrons on the metal surface. Because the diffuse double layer is thin in comparison to electrode dimensions, Eq. 25 was assumed to apply at each radial position.
Under the assumption that specific adsorption can be neglected, charge is not present between the metal surface and the plane of closest approach of the solvated ions. The potential profile in this region can be assumed to be linear with respect to the axial position; hence [26] The development presented to this point constitutes the mathematical model for convective diffusion to a rotating disk electrode that accounts for finite Schmidt numbers, the influence of the diffuse double layer, and currents below the mass-transfer-limited current. Solution of this set of equations can be used to obtain such measurable properties as the double-layer capacitance.
Calculation of double-layer capacitance-The double-layer [20] capacitance is given by
where C2 is the capacitance between the electrode surface and the plane of closest approach and Cddl is the capacitance across the diffuse part of the double layer. From Eq. 26 [28] [221 dq 22 CddI can be calculated as Cdd = dqm/dl. The double-layer capacitance can be expressed as a function of zeta potential by introducing Eq. 22 and 25
The total applied potential
The A,,, coefficients were determined using an iterative procedure. A more detailed discussion of the solution procedure can be found in Ref. 3 .
Diffuse part of the double layer.-The method used to account for the two-dimensional diffuse part of the double layer followed the approach suggested by Frumkin2° in which the kinetic expression was written in terms of a surface overpotential adjusted by the zeta potential and the concentrations were replaced by the concentrations at the inner limit of the diffuse double layer. where c10 is the concentration of species i at the outermost part of the diffuse part of the double layer (the innermost part of the diffusion layer), c,ddl is the concentration of species at the innermost part of the diffuse part of the double layer (the plane of closest approach to the metal surface), and is the zeta potential. The values of concentration at the inner limit of the diffusion layer c,3 were obtained under the assumptions that the solution at this location is electrically neutral, that the diffusion coefficients of the reactant and product ions are equal, and that the diffusion coefficients of the cation and anion from the supporting electrolyte are equal. Thus, a decrease in the concentration of the reactants was offset by an equal increase in the product concentration. The above assumptions are appropriate for the case of the reduction of ferncyanide on a Pt electrode as discussed in a subsequent section. The diffusion coefficients of the ferricyanide and ferrocyanide ions are 0.896 )< iO and 0.739 )< 10 cm2/s, respectively, and the diffusion coefficients for IC and Cl ions are 1.957 X iO and 2.032 >< 1O cm2/s, respectively
The above assumptions could be relaxed following the ordinary perturbation approach of Levich."30 Under the assumption that the diffuse part of the double layer is thin, Poisson's equation where i is the potential within the diffuse part of the double layer measured relative to the outermost region of this diffuse part and 92 is the charge held within the diffuse part of the double layer at a given radial position. The use of Eq. 21 requires introduction of a geometric parameter y corresponding to the distance between the electrode surface and the plane of closest approach for ionic species. Solution of Eq. 20 yields
where is the zeta potential given by the value of t[i at p = y2.
In the following sections the numerical procedure employed to solve the convective diffusion equation and a step-by-step algorithm for the implementation of the steady-state model are presented.
Solution to the convective diffusion equation-Calculation of the steady-state current and potential distributions While the influence of the finite Schmidt number correction on the calculated mass-transfer-limited current is small, the errors associated with neglecting this correction are more significant in the frequency domain. '5"7 Algorithm for implementation of the model-The numerical procedure employed in this work to handle the diffusion layer and the outer region with the ohmic drop is similar to the one implemented by Newman3; however, introduction of the diffuse part of the double layer required modification of the kinetic boundary condition in order to accommodate the zeta potential. An algorithm for implementation of the numerical scheme is provided below:
1. The values for O,,(0) resulting from the convective diffusion equation were determined for a given value of Schmidt number from the polynomial expression in Eq. 30 and by using Table I for the values of a,,,,,. 2. A value for A,,, coefficients was assumed, or, in other words, the concentration distribution was assumed on the electrode surface as per Eq. 5.
3. The current distribution resulting from mass transport was calculated as per Eq. 11.
4. The current distribution obtained from the derivative of the potential just outside the diffusion layer was equated to that from step 3 to obtain the B,, coefficients. The relation used to obtain these coefficients was provided in Eq. 15.
5. The 1, distribution was obtained from Eq. 14.
6. A value for ii was substituted in terms of from the Eq. 22, 25, and 26, and the value of was obtained by using a Newton-Raphson technique to solve the nonlinear Eq. 24.
7. The distribution was calculated from the l-potential distribution obtained from step 5 by employing Eq. 22, 25, and 26.
8. The q, distribution was calculated from Eq. 23.
The concentration distribution was calculated from
Eq. 12.
10. The A,,, coefficients were obtained again from the concentration distribution from step 8. The new values for the A,,, coefficients are the weighted sum of those obtained from the present iteration and from the previous iteration.
11. Steps 3 through 10 were repeated until convergence was achieved.
12. Once the convergence criteria were met, the charge distribution was obtained from Eq. 22, and the doublelayer capacitance was obtained from Eq. 27, 28, and 29.
Application to Experimental Systems [311 The systems treated in this work included electrodeposition of copper and reduction of ferricyanide on platinum. [30] a, a, Electrodeposition of copper-To validate the numerical approach used in this work, calculations were performed corresponding to the 0.1 M copper sulfate system studied by Newman.3 This part of the study did not incorporate the diffuse part of the double layer. Newman's results for an infinite Schmidt number were reproduced. The concentration and current distributions obtained for infinite and finite Schmidt number for this system are compared in Fig. 1 with applied potential as a parameter. For a given value of applied potential, the distributions resulting from both these cases differed most significantly as the masstransfer-limited condition was approached. The largest deviation was seen at the center of the disk. The differences seen between the calculated distributions for infinite and finite Schmidt number are due to differences in the corresponding values of the mass-transfer-limited cur- rent. When distributions were presented at the same fraction of the mass-transfer-limited current, the differences were not perceptible. Reduction of ferricyanide on Pt.-The motivation for this study was to explore the influence of the nonuniform current and potential distributions on interpretation of the impedance data obtained for the reduction of ferncyanide on a Pt rotating disk electrode. The electrolytic 3000 rpm. System properties are given in Table II . Current, potential, and charge distributions -The numerical values of various parameters used for this particular system are listed in Table II . The rate constant for reduction of ferricyanide on Pt is very large;32'33 thus, the surface overpotential can be expected to be small. Due to the use of excess supporting electrolyte, the contribution of ohmic drop can also be expected to be small. Thus, mass transport being the predominate factor, the current distribution is expected to be uniform. Calculated current distributions are presented in Fig. 2 for rotation rates of 120 and
3000 rpm. A uniform calculated current distribution was indeed observed at low rotation speeds, but at large rotation speeds the current distribution was less nonuniform. These distributions can be contrasted with the extreme case of a primary current distribution where sur/favg = 0.5 at the center of the electrode and is equal to at the periphery. As shown in Fig. 2b for one-fourth of the limiting current at 3000 rpm, the current distribution varies from a value of 0.88 at the center to 1.23 at the edge of the electrode.
The nonuniformity in calculated current distribution shown in Fig. 2b was obtained in spite of the use of excess supporting electrolyte. The calculated overpotentials shown in Fig. 3 and 4 show that at both 120 and 3000 rpm, the surface overpotential, and the zeta potential are small. The applied potential, by virtue of the large metal conductivity, is uniform. Thus, a nonuniform distribution in ohmic potential is compensated by an opposing distribution in concentration overpotential. The potential distributions are more uniform for the 120 rpm case and are less so for the 3000 rpm case. A large rotation speed increases the value of the mass-transfer-limited current and, therefore, increases the influence of the ohmic potential drop. 
The concentration overpotential increases to be a more significant fraction of the applied potential as current approaches mass-transfer limitation. The ohmic potential drop, therefore, becomes less significant. Thus, the current distribution is more uniform at three-fourths of the masstransfer-limited current than at one-fourth (see Fig. 2 ).
Although, as seen in Fig. 3 and 4 , the zeta potential obtained does not contribute significantly to the overall potential, calculation of the zeta potential allows determination of the charge distribution from Eq. 22. As can be seen from Fig. 5 , the charge distribution calculated for this system is less nonuniform at 3000 rpm than at 120 rpm. The charge distribution follows the distribution of surface overpotential (see Eq. 26).
The charge distribution thus obtained was used to calculate the radial distribution of the double-layer capacitance from Eq. 27 and 29. The calculated capacitance was found to be independent of rotation rate and to be uniformly distributed with a value of 55 RF/cm2 for 1/2 = 10 A. This value is in reasonable agreement with the experimental value of 35 F/cm2 obtained by Deslouis and Tribollet for the same system.34 They obtained the same value of capacitance from measurements on disk and ring-disk electrodes. This result is in agreement with the calculations from the present work, which show that the capacitance has no radial distribution. The value of the doublelayer capacitance is sensitive to the choice of 1/2 By choosing 1/2 = 17 A, a value of 35 F/cm2 was obtained for double-layer capacitance.
Zero frequency asymptotes of local impedance-As a preliminary step toward formulating a detailed two-dimensional model for the impedance analysis explicitly accounting for various phenomena, the zero frequency asymptotes for the local impedances for the ferri/ferrocyanide system were obtained from steady-state distributions calculated at two applied potentials separated by 5 my. The ratio of the difference in overpotential with respect to the difference in current density calculated locally provides the contribution of the respective phenomena to overall impedance response.
The radial distributions of these values are presented in Fig. 6 and 7 for 120 and 3000 rpm, respectively. The zero frequency asymptotes for the local impedance are more uniform for the case of 120 rpm and are less so for 3000 rpm. This is a strong indication that a two-dimensional model is necessary for obtaining reliable information from impedance data. At higher fractions of the limiting current, the local impedance resulting from the concentration overpotential dominates. The local impedance values resulting from the ohmic drop are estimated to be about 2 11 cm2, The University of Florida assisted in meeting the publication costs of this article. bulk concentration of the reacting species, mol/cm2 concentration of species i at the outermost part of the diffuse part of the double layer concentration of species i at the innermost part of the double layer diffusion coefficient of the reacting species, cm2/s diffusion coefficient of the reacting species, cm2/s Faraday's constant, C/equiv average surface current density, A/cm2 limiting current density, A/cm Greek local surface current density, A/cm2 parameter related to the significance of mass-transfer (see Eq. 18) number of electrons produced when one reactant ion or molecule reacts Legendre polynomial of order 2n charge density distribution within the diffuse part of double layer, C/cm2 average charge density within the diffuse part of the double layer, C/cm2 charge on the surface of the electrode, C/cm2 universal gas constant, J/mol-K radial coordinate, cm radius of disk, cm Schmidt number electrolyte temperature, K transference number of the reacting species Electrodepotential radial and axial velocity components, cm/s distance between the electrode surface and the closest plane of approach, iO cm number of equivalents of reactant used up for one electron produced/consumed value of local impedance in fl-cm2 normal distance from disk, cm a,)3,y parameters in kinetics expression (see Eq. 
